The Lorentzian Kac-Moody algebra E 11 , obtained by doubly overextending the compact E 8 , is decomposed into representations of its canonical hyperbolic E 10 subalgebra. Whereas the appearing representations at levels 0 and 1 are known on general grounds, higher level representations can currently only be obtained by recursive methods. We present the results of such an analysis up to height 120 in E 11 which comprises representations on the first five levels. The algorithms used are a combination of Weyl orbit methods and standard methods based on the Peterson and Freudenthal formulae. In the appendices we give all multiplicities of E 10 occuring up to height 340 and for E 11 up to height 240.
Introduction
Starting from the largest exceptional classical Lie algebra E 8 one obtains the affine E 9 , the hyperbolic E 10 and the Lorentzian E 11 Kac-Moody (KM) algebras 1 by extending the Dynkin diagram [1, 2, 3] . The finite-dimensional E 8 is rather well understood and plays an important rôle in the construction of heterotic string theories. Affine E 9 is also under control and appears in supergravity or Wess-Zumino-Witten models, but E 10 and E 11 are far less well understood. E 8 , E 9 and E 10 have been suggested as symmetries of supergravity when dimensionally reduced to 3, 2 and 1 dimension [4, 5] . E 10 has also appeared recently in cosmological billiards for describing gravitational systems coupled to p-form and scalar matter near a spacelike singularity [6, 7] . On the other hand, E 11 has been proposed as a (hidden) symmetry of the full eleven-dimensional theory and also of M theory [8, 9] and belongs to the class of very extended algebras which have been considered in [10, 11] . There have been a number of attempts at understanding hyperbolic KM algebras (see for instance [12, 13, 14] ) but to date not a single example has been understood in full detail. In this paper we also only present partial results, partly obtained with the help of a computer. These results are mainly for the physically interesting cases of E 10 and E 11 but also offer some general observations for arbitrary (indefinite) Kac-Moody algebras and results for the rank 2 case. As E 10 is naturally a subalgebra of E 11 we consider the problem of decomposing E 11 with respect to this subalgebra. This is a somewhat different approach from [15] where both algebras were decomposed at low levels with respect to their A 9 and A 10 subalgebras and from [3] where a decomposition of E 10 with respect to its affine E 9 algebra was considered. Our approach is to consider hyperbolic sections of the E 11 root lattice rather than the elliptic or affine slicings considered so far. This will give us information about the algebra deep inside the light-cone, at least if we know which representations occur. It can be shown that the representation on level 1 is the highest weight representation of E 10 with highest weight λ −1 by generalising results from [12, 13] . For other levels, we find representations of E 10 with various outer multiplicities. Our methods enable us to calculate the complete structure of E 11 as seen by E 10 up to height 120 which corresponds to some of the low-lying representations up to level 5. Compared to the elliptic approach this calculation does not make direct contact with fields from supergravity but aims primarily at revealing some of the structure of E 10 and E 11 . Even though neither E 10 nor E 11 are understood fully, we might still learn something about them by studying their interrelation or combining different decompositions of the same structure. The calculation done in this paper is the first explicit calculation of large parts of E 10 representations and can be used for instance to obtain lower bounds for E 11 multiplicities. We also present raw data for both algebras separately in two appendices. There it is noted that the multiplicity of a root compared to its light-cone degrees of freedom behaves rather differently for E 10 and E 11 , supporting an observation in [14, 15] . It would be good to have a conceptual understanding of this behaviour. Whereas the hyperbolic slicing of E 11 is rather unproblematic, it is not clear how to obtain the relevant representations of E 10 with respect to one of its hyperbolic (or even Borcherds) subalgebras. The reason is that the representations are not of highest weight type and it would be interesting to understand their structure better.
The structure of this note is as follows. Section 2 contains some of the background we are using on Kac-Moody algebras and on their decompositions, illustrated by a rank 2 example. In section 3 we outline the method used to obtain the decomposition of E 11 with respect to E 10 and list the appearing representations. In appendices we give complete tables for the multiplicities of the imaginary roots in the fundamental domains of E 10 and E 11 , most of which have not appeared in the literature before.
Notation
Our notation is mostly borrowed from Kac' book [2] . Given a symmetric, non-degenerate 2 Cartan matrix A = (a ij ) i,j∈I , the collection of simple roots α i of a Kac-Moody algebra g is denoted Π, where i belongs to some (finite) index set I, and the simple roots generate the root lattice Q freely. The number of simple roots is called the rank of the KM algebra. The simple co-roots Π ∨ = {α ∨ i } are a basis for the Cartan subalgebra h and satisfy α i (α ∨ j ) = a ji . The Kac-Moody algebra g is then defined by the following relations on the (Chevalley) generators α ∨ i , e i , f i as follows
Then it is one of the basic properties of g that it has a triangular decomposition of the form
where the Cartan subalgebra h is the space spanned by the simple co-roots because we are dealing with non-degenerate Cartan matrices. The dimension of h is equal to the rank of g. The positive part n + and the negative part n − are exchanged by the Chevalley involution. So it is sufficient to study either n + or n − when trying to understand the structure of g. Central objects in the study of g are those non-zero elements α ∈ h * for which there exist elements x ∈ g such that [h, x] = α(h)x for all h ∈ h. Such elements α are called roots and the corresponding space of all x ∈ g satisfying this condition is called the root space g α . The number of independent elements in the root space is called the multiplicity of the root and denoted by mult(α) = dimg α . The set of all roots is called ∆ ⊂ Q. From the triangular decomposition (1) we deduce that every root is either positive or negative and so ∆ = ∆ + ⊎ ∆ − . The reflections in the simple co-roots α ∨ i generate the Weyl group W which is a Coxeter group with relations given by the Cartan matrix (or the corresponding Dynkin diagram). Define the fundamental domain C ⊂ h * as the intersection of all half spaces which take non-positive values on a simple co-root, viz.
(In the case of finite-dimensional g, C is a fundamental domain for the action of W on h * . Our conventions are adapted to the hyperbolic case defined below.) We define the Weyl vector ρ ∈ h * by ρ(α ∨ i ) = −1 for all simple co-roots and so ρ lies in the fundamental domain. Then the set of (positive roots) and their multiplicities can be deduced in principle from the orbit of ρ under W by the denominator formula [2] α∈∆ +
The set of roots ∆ has two distinct parts, namely it splits into real and imaginary roots
where ∆ real = W(Π) and ∆ imag = W(K) ⊎ W(−K). Here K = {α ∈ C : supp(α) is connected }. We have α 2 = (α|α) = 2 for real roots and α 2 ≤ 0 for imaginary roots. The set of roots (together with their multiplicities) is Weyl invariant. The denominator formula (2) can be used to determine the roots and their multiplicities by just expanding both sides of (2) or using recursion identities derived from (2) like the Peterson formula. We define the fundamental weights λ i ∈ h * (i ∈ I) as minus the dual basis to the simple roots with respect to A, i.e. they satisfy (α i |λ j ) = −δ ij . We sometimes write a root α = n i α i = l i λ i as (n 1 , ..., n rk(g) ) in the simple root basis or [l 1 , ..., l rk(g) ] in the fundamental weight basis. The l i are called Dynkin labels of α. From the definitions of C and the fundamental weights we see that their positive linear combinations generate C. If A is a positive definite matrix the corresponding KM algebra will be one of the classical series and in particular finite-dimensional. If A is positive semi-definite and has exactly one zero eigenvector the corresponding algebra is affine. We call a KM algebra hyperbolic if its Cartan matrix is indefinite and if any matrix obtained from its Cartan matrix by deleting one row and column is the Cartan matrix of a finitedimensional or affine KM algebra. It is known that the rank of the algebra cannot exceed 10 for a hyperbolic KM algebra [2] . Among the hyperbolic KM algebras of maximal rank E 10 is distinguished by being the only overextended one and having as its root lattice the unique even and self-dual ten-dimensional Lorentzian lattice II 9,1 . The signature of the Cartan matrix of any hyperbolic algebra of rank n is n − 2. For hyperbolic Kac-Moody algebras we also have ∆ = α ∈ Q : α 2 ≤ 2 \ {0} (see [16] ) and since A −1 has only negative entries all λ i are non-negative linear combinations of the simple roots and so C ⊂ Q + ⊗ R. It has also been established that every hyperbolic KM algebra has a principal SO(1, 2) subalgebra [17] . We call a KM algebra Lorentzian if the Cartan matrix has signature n − 2. So any hyperbolic KM algebra is Lorentzian but the converse is not necessarily true. There is a well-known procedure for obtaining non-twisted affine or hyperbolic algebras by extending the Dynkin diagrams of the finite cases [1] . Extending the diagram again gives a Lorentzian KM algebra [18, 10] . Highest weight representations with highest weight Λ ∈ C are denoted by L(Λ) and are subject to the Weyl-Kac character formula. 3 
Subalgebra decompositions
Suppose we have a subalgebra k ⊂ g then g is a representation of k under the adjoint action and we can try to decompose g as a sum of representations of k. The simplest cases occur when we consider subalgebras that are obtained by deleting a number of roots from the Dynkin diagram of g but these are by far not all. The modules with respect to such an algebra at a given level 4 are integrable and belong to the category O [2] . Thus, they can be decomposed into a sum of irreducible highest weight representations. The simplest example is removing all but one point and we are left with a decomposition with respect to one of the standard sl 2 subalgebras. Hyperbolic KM algebras obtained by overextension of an affine algebra can be decomposed with respect to the affine subalgebra given by deleting the overextended root and for low levels this yields explicit formulae for the multiplicities of the roots at this level [12, 3] . In general, removal of a single node from the Dynkin diagram is governed by the following proposition which is an application of results from [12, 3, 13] .
Proposition 1 Let g be a Kac-Moody algebra of rank n given by Cartan matrix A with associated Dynkin diagram. If we remove a single node, α 1 say, from the Dynkin diagram and define the level l of a root α of g to be the number of α 1 summands of α. Denote the index set for the simple roots connected to α 1 by J = {j ∈ {2, .., n} : a 1j = 0}. Then we have the following decomposition of g with respect to the Kac-Moody subalgebra associated with the Cartan matrix obtained by deleting the first row and column g = l∈Z g l where for l = 0
The N l can be infinite. The g l are given in more detail by: l = 0: The direct sum of the adjoint of the smaller algebra with a trivial representation. If the smaller algebra is affine then the trivial representation is absent. l = 1: The highest weight representation of the smaller algebra with highest weight given by the sum of the fundamental weights corresponding to the simple roots connected to α 1 , i.e. g 1 ∼ = L( j∈J λ j ). l > 1: Now consider the free algebra on the roots at l = 1 and call it f which is also graded by l. Within it there are the elements ad 1+a 1j e 1 e j which are non-zero in the free algebra but vanish in the Kac-Moody algebra. At the same time they are highest weight vectors for the smaller algebra and generate an irreducible representation U j at l = 1 + a 1j . Consider the ideal i j generated within the free algebra by U j and define i = ⊕ j i j . Then the quotient f/i describes the positive part of the g for l > 1. l < 0: These cases are obtained by the Chevalley involtuion from the cases above.
The proof of this statement is a simple adaptation of arguments in [12, 3, 13] . The proposition implies that we might as well recursively use the above decomposition to obtain information about the Kac-Moody algebra of interest. The problem of understanding the KM algebra g is then reduced to describing the ideal because the structure of f is well-known (for finite-dimensional first level at least): The free algebra on m generators β k (k = 1, .., m) is governed by the equation
from which one can deduce the Witt formula for the dimension of the graded pieces by Möbius inversion after specialisation. For more on free algebras see [19, 20] . What we will also need here is the multiplicity of a root β = k n k β k in the free algebra obtained by Möbius inversion of (3) mult(β) = d|(n 1 ,..,nm)
is a polynomial coefficient. We have to note that several elements in the free algebra will map into the same root space in the Kac-Moody algebra, where the number of such elements in a given example can be written easily in terms of a generating function as a standard combinatorial problem. Despite this complication, it is still possible to determine the dimension of a root space in the free algebra for a root at a given level without prior knowledge of the lower levels, basically because one knows the multiplicities of the primitive roots. This is in contrast to the recursive nature of the Peterson formula for multiplicities in the Kac-Moody algebra where one has a similar expression for the multiplicities but does not know the answer for the primitive roots and so is left with calculating recursively until one finally reaches the root one is interested in. (This procedure gets more and more expensive as one goes up in level in the hyperbolic case as the root multiplicities and the number of roots are known to increase exponentially.) So, if we were able to calculate the dimension of the space associated with a root β in the ideal i we could determine the root multiplicities in the hyperbolic Kac-Moody algebra in a non-recursive way. It is intriguing to note that from this perspective there is no difference at all between the finite, affine or indefinite cases which makes it quite surprising that the finite and affine (tame) cases are well understood whereas the (wild) indefinite ones are not. Unfortunately, it is not known how to work out the ideal in a closed form similar to the free algebra.
In order to obtain a feeling for the observations made above we give a few results for the simplest hyperbolic case which is determined by the Cartan matrix
This algebra carries some information from the Fibonacci numbers since the sum over the Weyl group Z ⋉ Z 2 can be seen to be governed by a recursion relation among the odd Fibonacci numbers [21] . We denote the roots by pairs (m, n) and present the multiplicities of some low-lying roots in table 1. Now we decompose this KM algebra with respect to one of its standard sl 2 -subalgebras and read off the representation content for the first few rows. The result is given in 0 1 2 3 4   5  6  7  8  9  10  11  12  0  1  1  1 1 1 1  2  1 1 2 1  1  3  1 2 3 4  4  3  2  1  4  1 4 6  9  9  9  6  4  1  5  1 4 9 16 23  27  27  23  16  9  4  6  3 9 23 39  60  73  80  73  60  39  7  2 9 27 60 107 162  211  240  240  211 (4). table 2 where we have denoted the (n + 1)-dimensional representation of sl 2 by P n and the level with respect to that subalgebra by l. The ideal is generated by the representation P 10 at level 4 in agreement with our general arguments. Trivially, at higher levels the ideal is always contained within the tensor product of P 10 with the right number of factors of the first level representation P 3 . We can say a bit more about the detailed structure. The ideal is precisely given by the tensor product up to l = 8 when a defect in this pattern appears around n = 21 and a reflection pattern appears in addition to the tensor product structure because P 10 at most influences a "width" of 21 in tensor products. Thus we can obtain the value for n = 0 by subtracting the value of n = 22 from n = 20. The reason for this defect is the Serre relation which comes into action for the first time in a quadruple commutator for our algebra and so at l = 8 in the ideal and which reflections appear can also be understood in this way. This reflection behaviour persists up to l = 12 where it is being augmented by another reflection property, again deriving from the Serre relation. Similar patterns appear for the other rank 2 cases and have been checked to some detail. Apparently, understanding the precise nature of these patterns and their occurence is tantamount to understanding the Serre relations and the Jacobi identity in the original KM algebra to all levels. Solving the ideal problem seems as hard as solving the original problem.
Subalgebras obtained by deleting just a number of nodes together with the edges connected to them are not the only subalgebras which can appear. For instance, any affine KM algebra has affine subalgebras from just restricting the horizontal (level 0) piece to a subalgebra and then affinizing. The corresponding Dynkin diagram is not a subdiagram of the original one. In general it will be much harder to describe the representations with respect to these more involved cases as they do not necessarily belong to the category of representations which can be decomposed into highest weight representations at all levels.
As an example we just mention that the rank 2 algebra discussed above has a hyperbolic rank 2 subalgebra whose first simple root is identical with an original one and whose second simple root is a Weyl translate of the other original simple root. The smallest example corresponds to a subalgebra k where the simple roots have inner product −7.
At level l = 0 (where we have a decomposition into the adjoint plus highest weight representations) we can give a few of the low-lying representations that appear
It seems tempting to think that if one could determine all the representations with respect to this somewhat coarser algebra and then iterate the procedure one might learn something about the original algebra because the limiting point of this procedure is a free algebra where one is again able to calculate everything directly. Similarly, some KM algebras have Borcherds subalgebras which are generalizations of Kac-Moody algebras [22] . Again decomposing with respect to them will soon leave the realm of highest weight representations and is thus subject to the obstructions mentioned above. Some related ideas have recently appeared in [23] . 18 1  0  2  0  3  0  1  4  11  1  1  1  1  5  44  1  2  3  4  3  2  1  6  176  1  3  6  10  12  12  10  6  3  1  7  704  1  3  10  19  31  39  44  39  31  19  10  2  8  2750   Table 3 : The ideal i described in the text for the rank 2 algebra (4). 00  00 00  11  11 11  00  00 00  11  11 11  00  00 00  11  11 11  00  00 00  11  11 11  00  00 00  11  11 11  00  00 00  11  11 11   00  00 00  11  11 11 -2 -1 0 1 3 4 6 7 8 5 2 3 Computational results for E 10 ⊂ E 11
In this section we apply the considerations from the last section to the KM algebras E 10 and E 11 which are hyperbolic and Lorentzian respectively. The Dynkin diagram of E 11 is given in figure 1 and the diagram for E 10 is obtained by deleting the node marked by −2. We can apply the denominator directly to obtain multiplicities for both these algebras and we can consider E 10 as a subalgebra of E 11 and apply the proposition. In that case we immediately deduce that the multiplicities of E 11 at level 1 are given by the E 10 representation with highest weight Λ = λ −1 , i.e the fundamental weight corresponding to the overextended node. Then we have
and the multiplicities can be computed from this identity as long as the E 10 multiplicities are known. This gives information about E 11 deep inside the forward lightcone. It turns out that doing the calculation for this representation only is not much faster than computing the full E 11 up to the same height and so we consider this problem. The method we have used for calculating the multiplicities of E 10 and E 11 relies on the Peterson recursion formula
for KM algebras [24] . Here the quantities c β are the expansion coefficients of the negative logarithm of the denominator (2) . They are related to the multiplicities via c β = k 1 k mult(β/k). By symmetry of the sum one can restrict to α with height not exceeding half the height of β. The algorithmic value of this relation can be improved by noting that the decomposition β = α + α ′ is invariant under the stabilizer W β of β and so are the inner product and the quantities c β . Thus we can write the right hand side in (6) as a sum over orbits under this stabilizer group
where γ is any element from the orbit under W β and |o| the size of the orbit in the positive root domain. If β = i l i λ i then the stabilizer is generated by the reflections in the simple roots α i for which l i = 0. Denote the set of values of i for which this the case by J ⊂ I. We can represent each orbit by a "lowest weight vector" γ which is charaterised as having either only non-negative Dynkin labels on the set J or being a simple root (or a multiple thereof) belonging to J up to conjugacy. The element β − γ is then a highest element under the action of W β and if it is not conjugate to a simple root from J under W β the full orbit will contribute and the size of the orbit is just the quotient of the order of the W β by the order of the stabilizer of γ within W β . 5 In the case that either γ or β − γ is conjugate to a simple root α j from J the size of the orbit is given by the number of positive roots of the (finite) subalgebra defined by the connected part of J to which α j belongs. There is also a possible symmetry factor of 2 one has to take into account if the γ and β − γ are not conjugate under W β . This algorithm then is very similar to the ones described in [25, 26] . In order to illustrate this algorithm we apply it to the first non-affine root 6 of E 11 which is β = λ 7 = (1, 2, 3, 4, 5, 6, 7, 8, 5, 2, 4). Its stabilizer is the Weyl group of the Lie algebra W β = W(D 10 ) of order 2 9 10! and the factor works out to (β|β + 2ρ) = −96. We always have the contributions from α 7 and one of the simple roots of D 10 which are all conjugate under W β . Their contributions can be summarized in the following table:
Here we have indicated the lowest element in the Weyl orbit of β − γ. The column labelled "simple" indicates whether one of the vectors is conjugate to a simple root of D 10 under W β . Accordingly, the sizes of the orbits can be computed as |W(D 10 )|/|W(A 9 )| = 2 9 10!/10! = 2 9 in the first case and 90 is the number of positive roots of D 10 . The column "sym" denotes the symmetry factor. One can convince oneself that these are all orbits that contribute. So the multiplicity of λ 7 is 46 which can also be checked independently.
We are also interested in highest weight representations of E 10 in order to decompose E 11 along the lines of proposition 1. Denote a highest weight module with dominant highest weight Λ ∈ C by L(Λ) then the Weyl-Kac character formula holds [2] 
.
As a consequence, we have the following version of the Freudenthal formula [2] (
Here the right hand side can again be decomposed into a sum over Weyl orbits. Using these two formulas we can obtain the representation content of E 11 with respect to E 10 at low height.
Write a root α of E 11 as
so that l is the (hyperbolic) level of α with respect to E 10 . We can then obtain the positive part of E 11 as
where we assume all the Λ (l)
i occuring for a fixed l to be distinct and µ(Λ (l) i ) is the outer multiplicity with which they occur. Computations using the modified Peterson and Freudenthal formulas can be done efficiently on a computer and we present the results for the decomposition above up to height 120 in E 11 where the maximal occuring level is 5 in table 4. The computations were carried out with the help of a C program by compiling a list of all roots of E 11 to that height using the (orbit improved) Peterson formula and then the Freudenthal formula to iteratively determine the relevant E 10 representations. In an appendix we list the multiplicities of all elements in the fundamental chamber C for E 10 (up to height 340) and for E 11 (up to height 240) for reference. The results we obtain agree with other data in the literature [26, 15] . We already encounter representations with outer multiplicity greater than one in this regime. At the first level we find only the E 10 representation V = [1, 0, 0, 0, 0, 0, 0, 0, 0, 0] as expected from proposition 1. This is a highly non-trivial check on the E 10 and E 11 data and the algorithm. The representations on the second level should be [V, V ]/U where U has highest weight [0, 1, 0, 0, 0, 0, 0, 0, 0, 0] (corresponding to the E 11 element (2, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0) which is the first non-trivial commutator in [V, V ]). So we can learn someting about the Clebsch-Gordon series of the antisymmetric product of the E 10 representation V with itself at low levels (in the E 10 weight lattice). Considerations similar in spirit apply to higher levels. Apparently, the information about tensor products of E 10 representations could also have been obtained by other methods (character theory, say) and then been used to generate data for E 11 . As this does not give any obvious technical advantage we have used the method presented here as it makes direct use of the (possibly) more fundamental structure of E 11 .
[1,0,0,0,0,0,0,0,1,1] (4,5,7,9,11,13,15,17,11,5, 8)  5  109 [1,0,0,0,0,1,0,0,0,0] (4, 5, 7, 9, 11, 13, 15, 18, 12, 6, 9) [0,1,0,1,0,0,0,0,1,0] (5,6,7,9,11,14,17,20,13,6,10) 4 Table 4 : E 10 representations occuring in E 11 up to height 120.
The following table contains the multiplicities of all elements β in the fundamental chamber of E 10 up to height 340. As noted before [14] , the discrepancy between the multiplicity of a root β and the number of transverse polarisations p 8 (1 − 1 2 β 2 ), generated by the partition function on 8 colours n p 8 (n)q n = n≥1 (1 − q n ) −8 , grows with increasing −β 2 and mult(β) ≥ p 8 (1 − 1 2 β 2 ). The results of [14, 27] show that the discrepancy is not only due to additional longitudinal states but that also some transversal states disappear from the spectrum. Furthermore, the anisotropy grows with increasing height, i.e. the amount by which the multiplicity fails to be a function just of β 2 . [0,0,0,1,0,0,0,0,1,0] (5, 10, 15, 20, 26, 32, 38, 25, 12, 19) -32 130661924 205
[3,0,0,0,0,0,0,0,0,1] (3, 9, 15, 21, 27, 33, 39, 26, 13, 19 ) -28 28559052 206
[1,1,0,0,0,0,0,0,0,1] (4, 9, 15, 21, 27, 33, 39, 26, 13, 19 ) -32 130632964 208
[0,0,1,0,0,0,0,0,0, [0,0,0,1,1,0,0,0,0,0] (7, 14, 21, 28, 36, 45, 54, 36, 18, 27) -64 3476860222184 287
[5,1,0,0,0,0,0,0,1,0] (3, 11, 20, 29, 38, 47, 56, 37, 18, 28 ) -44 8361554592 288
[3,2,0,0,0,0,0,0,1,0] (4, 11, 20, 29, 38, 47, 56, 37, 18, 28 ) -52  104616901962  288 [2,0,0,0,0,0,0,0,3,0] (6, 14, 22, 30, 38, 46, 54, 35, 16, 27) -60 1118615314352 288
[0,0,1,0,0,1,0,0,0,0] (7, 14, 21, 29, 37, 45, 54, 36, 18, 27) -66 6061171153902 289
[4,0,1,0,0,0,0,0,1,0] (4, 12, 20, 29, 38, 47, 56, 37, 18, 28 ) -54 191577758599 289 [1,3,0,0,0,0,0,0,1,0] (5, 11, 20, 29, 38, 47, 56, 37, 18, 28 ) -56 348318881060 289
[0,1,0,0,0,0,0,0,3,0] (7, 14, 22, 30, 38, 46, 54, 35, 16, 27 [3,0,1,0,0,0,0,0,0,1] (5, 13, 21, 30, 39, 48, 57, 38, 19, 28 ) -64  3473407620805  298 [0,3,0,0,0,0,0,0,0,1] (6, 12, 21, 30, 39, 48, 57, 38, 19, 28 ) -64  3475683547165  298 [1,0,0,0,0,0,0,1,0,1] (7, 15, 23, 31, 39, 47, 55, 36, 18, 27) -70 18038426988010 299
[1,1,1,0,0,0,0,0,0,1] (6, 13, 21, 30, 39, 48, 57, 38, 19, 28 ) -68 10489252702650 300
[10,0,0,0,0,0,0,0,0,0] (0,10,20,30,40,50,60,40,20,30) 0 8 301
[8,1,0,0,0,0,0,0,0,0] (1, 10, 20, 30, 40, 50, 60, 40, 20, 30 ) -18  417140  301 [2,0,0,1,0,0,0,0,0,1] (6, 14, 22, 30, 39, 48, 57, 38, 19, 28 ) -70 18033337386783 301
[0,0,2,0,0,0,0,0,0,1] (7, 14, 21, 30, 39, 48, 57, 38, 19, 28 ) -70 18036921083525 301
[1,0,0,0,0,1,0,0,1,0] (7, 15, 23, 31, 39, 47, 56, 37, 18, 28 ) -72 30809538948996 302
[6,2,0,0,0,0,0,0,0,0] (2, 10, 20, 30, 40, 50, 60, 40, 20, 30 ) -32 129203160 302
[5,0,0,0,0,0,0,0,2,0] (4, 13, 22, 31, 40, 49, 58, 38, 18, 29 ) -56 347593463536 302
[0,1,0,1,0,0,0,0,0,1] (7, 14, 22, 30, 39, 48, 57, 38, 19, 28 ) -72 30807934445073 303
[7,0,1,0,0,0,0,0,0,0] (2, 11, 20, 30, 40, 50, 60, 40, 20, 30 ) -34 268234139 303
[4,3,0,0,0,0,0,0,0,0] (3, 10, 20, 30, 40, 50, 60, 40, 20, 30 ) -42 4327904708 303
[3,1,0,0,0,0,0,0,2,0] (5, 13, 22, 31, 40, 49, 58, 38, 18, 29 ) -64 3473419906920 303
[5,0,0,0,0,0,0,1,0,0] (4, 13, 22, 31, 40, 49, 58, 38, 19, 29 ) -58 625129627567 304
[5,1,1,0,0,0,0,0,0,0] (3, 11, 20, 30, 40, 50, 60, 40, 20, 30 [0,0,0,0,0,0,0,0,1,1,0] (3, 6, 9, 12, 15, 18, 21, 24, 15, 7, 12) -22 3377189 143
[0,0,0,0,0,0,0,0,0,0,2] (3, 6, 9, 12, 15, 18, 21, 24, 16, 8, 11 ) -22 3375787 144 [1,0,0,0,1,0,0,0,0,1,0] (2, 5, 8, 11, 14, 18, 22, 26, 17, 8, 13) -24 7945404 144
[0,0,0,0,0,0,0,1,0,0,0] (3, 6, 9, 12, 15, 18, 21, 24, 16, 8, 12) -24 7987187 145
[3,1,0,0,0,0,0,0,0,0,1] (0, 3, 7, 11, 15, 19, 23, 27, 18, 9, 13 ) -16 167116 146
[1,2,0,0,0,0,0,0,0,0,1] (1, 3, 7, 11, 15, 19, 23, 27, 18, 9, 13 ) -20 1327567 147
[2,0,1,0,0,0,0,0,0,0,1] (1, 4, 7, 11, 15, 19, 23, 27, 18, 9, 13 ) -22 3223985 148
[0,1,1,0,0,0,0,0,0,0,1] (2, 4, 7, 11, 15, 19, 23, 27, 18, 9, 13) -24 7898550 149
[0,0,0,0,0,1,0,0,0,1,0] (3, 6, 9, 12, 15, 18, 22, 26, 17, 8, 13 ) -26 18414188 150
[0,5,0,0,0,0,0,0,0,0,0] (0,0,5,10,15,20,25,30,20,10,15) 0 8 150
[1,0,0,1,0,0,0,0,0,0,1] (2, 5, 8, 11, 15, 19, 23, 27, 18, 9, 13 [2,1,0,0,0,0,0,0,1,0,0] (1, 4, 8, 12, 16, 20, 24, 28, 18, 9, 14) -24 7576744 154
[0,0,0,0,1,0,0,0,0,0,1] (3, 6, 9, 12, 15, 19, 23, 27, 18, 9, 13) -28 41452653 155
[1,0,1,0,0,0,0,0,0,2,0] (2, 5, 8, 12, 16, 20, 24, 28, 18, 8, 14) -26 18301428 155
[1,1,1,1,0,0,0,0,0,0,0] (1,3,6,10,15,20,25,30,20,10,15) -20 1326913 155
[0,2,0,0,0,0,0,0,1,0,0] (2, 4, 8, 12, 16, 20, 24, 28, 18, 9, 14) -26 18161537 156
[3,1,0,0,1,0,0,0,0,0,0] (0,3,7,11,15,20,25,30,20,10,15) -18 425156 156
[1,0,1,0,0,0,0,0,1,0,0] (2, 5, 8, 12, 16, 20, 24, 28, 18, 9, 14) -28 41126200 157
[1,2,0,0,1,0,0,0,0,0,0] (1,3 [2,0,1,0,1,0,0,0,0,0,0] (1, 4, 7, 11, 15, 20, 25, 30, 20, 10, 15) -24 7571734 158
[0,0,0,1,0,0,0,0,0,2,0] (3, 6, 9, 12, 16, 20, 24, 28, 18, 8, 14) -28 41488329 158
[0,1,0,2,0,0,0,0,0,0,0] (2, 4, 7, 10, 15, 20, 25, 30, 20, 10, 15) -24 7894361 159
[0,1,1,0,1,0,0,0,0,0,0] (2, 4, 7, 11, 15, 20, 25, 30, 20, 10, 15 ) -26 18146859 159
[0,0,0,1,0,0,0,0,1,0,0] (3, 6, 9, 12, 16, 20, 24, 28, 18, 9, 14) -30 91351377 160
[4,0,0,0,0,1,0,0,0,0,0] (0, 4, 8, 12, 16, 20, 25, 30, 20, 10, 15 ) -20 1044218 161
[2,1,0,0,0,1,0,0,0,0,0] (1, 4, 8, 12, 16, 20, 25, 30, 20, 10, 15 ) -26 17340002 161
[1,0,0,1,1,0,0,0,0,0,0] (2, 5, 8, 11, 15, 20, 25, 30, 20, 10, 15) -28 41089225 162
[3,0,0,0,0,0,0,0,0,1,1] (1, 5, 9, 13, 17, 21, 25, 29, 19, 9, 14) -26 17354895 162
[0,2,0,0,0,1,0,0,0,0,0] (2, 4, 8, 12, 16, 20, 25, 30, 20, 10, 15) -28 40752558 163
[1,1,0,0,0,0,0,0,0,1,1] (2,5,9,13,17,21,25,29,19,9,14) -30 90532886
